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O0600mennn1ii MeTon byonosa-I"aepknna
AJ151 YypaBHEHHUH ¢ APOOHO-HHTErPATbHBIM 0NIePATOPOM

AHHOTANUA

B pabote mpencrtaBieHBl pPe3yibTaThl TEOPETHYECKOTO OOOCHOBAaHUS TNPUMEHEHUS
MeTtona byOHoBa-I anepkuHa i1 HAXOXKIEHUS! YMCIEHHOTO PEIICHUS YPaBHEHHUN C APOOHBIMU
uHTerpanamu Pumana-JInyBuiis. 3aiaHa CTpYKTypa YMCICHHOTO PEIICHUS U MOJy4YeHa OLICHKA
MOTPEITHOCTH TMPHUOIIKEHHOTO pENIeHHS 10 METPHKE DHEPreTHYECKOr0 MPOCTPAHCTBA,
MOPOKJCHHOTO OMEepaTopoM APOOHOTO WHTETrpupoBaHuA. J[is wacTHOrO ciy4as ApoOHO-
WHTETPAILHOTO ypaBHEHHS TNpPUBEJCHA OICHKA CXOIWMOCTH TNPUOIMKCHHOTO PEUICHHS K
TOYHOMY PELICHUIO UCXOTHOM 3aJauH.

KiawueBble ciaoBa: npoOHbIE HWHTETpaibl Pumana-JIMyBUIIL, ApOOHBIE HWHTETPAIIBI
Beiinst, onepatopsl JpoOHOTO HHTETPUPOBAHMUSL.

Beenenue

B mnacrosimmee Bpemsi BechbMa aKTHUBHO TPOBOIUTCS W3YYEHHE YpaBHEHUH C ApoOHO-
WHTETpAIbHBIMUA onepaTopamu. CyIIECTBYET pSJlT TEOPETHYSCKMX U TPUKIAAHBIX 3a/ad,
KOTOpBIE TPHUBOIAT K HEOOXOIWMOCTH pEIICHUS ypaBHEHHH C oImepatopaMu IpOOHOTO
uHTerpupoBanus. K TakuMm 3amadam oOTHoOcATCA 3afadd Audy3nun, >IEKTPOXUMHYECKUX
mporeccoB. JlaHHble 3a/1a4n, KaK MPaBUIIO, TOYHO HE PEIIAIOTCs, TO3TOMY BECbMa OCTPO CTOSIT
BOTIPOCHI Pa3pabOTKHU U MPUMEHCHUS MPUOIMKEHHBIX METO0B PEIICHUS C TOCICIYIOIMNUM UX
TEOPETHYECKUM OOOCHOBAaHWEM JUIA OTUX ypaBHeHHMHA. OTMETHM, YTO B TOCIEAHEE BPEMS B
HAYYHOU JIUTEPaType MOSBISIOTCS paOOThl, B KOTOPHIX MPEATIOKEHBI YUCICHHBIE METOIBI IS
HEKOTOPBIX KJIACCOB ypaBHEHMH (cM., Harmp. [1-7]). OnHako, HECMOTpsl Ha TOCTUTHYTBIA ycIex
B 9TOM HAIpPaBJIEHWH, OCTAETCS OTKPBITHIM BOIPOC TEOPETUIECKOTO0 OOOCHOBAHUS MPUMEHEHHUS
MPUOTMKEHHBIX METOIOB I OoJtee 00IIero Kiracca moqo0HbBIX 3a/1ad.

B pabote mpemmaraercst 00o0meHHbIN MeTon byOHOBa-lIamepkuHa Ui HaxXOXKICHHS
MPUOIMKEHHOTO PEIIeHUs IPOOHO-UHTETPAIBHBIX ypaBHeHHHA. [10TydeHbI OIIEHKU CXOAMMOCTH
MPHUOIIKEHHOTO PEHICHUSI K TOYHOMY PEIICHHIO M0 METPUKE SHEPreTHYECKOTO MPOCTPAHCTBA,
MOPOKJCHHOTO JIPOOHO-UHTETPATbHBIM OrepaTopoM. [10CTpOCHHBIH BBEIYUCIHTEIBHBIN METO.
MPOWJLTIOCTPUPOBAH Ha YACTHOM MPUMEPE U MPUBEJICHA OIIEHKA METO/Ia.

IlocTanoBKa 3aJavumu
PaccmoTpum ypaBHeHue:
Iy +Tu = f,u,f €L,[0,2m], (1)

(@ _ (0+1) (@
rae (%) = m BBIP2KAETCS C MOMOIIBIO OTEPATOPOB APOOHOTO MHTErpupoBaHus I,

OTIpeNIeNIIEMBbIX JUIS JIPOOHBIX WHTErpanioB Beins pmns ¢ynkmuit ¢@(x) € L1(a, b), mo
dhopmytam:

o o X @(t)dt
(I%%¢) (x) (a) G x> (2)
b
(o) def (t)dt
(L,Y9)(x) & —(a) G *<b
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3nech o>0. WnTterpansl (2) NpUHATO Ha3blBaTh TaKkKe APOOHBIMHU HHTErpajamMu PumaHna-
JInyBuiuIA HOpPsIZIKA @, JEBOCTOPOHHUM U IIPaBOCTOPOHHUM, COOTBETCTBEHHO. U — HEU3BECTHAs,
a f — 3agmanHas QyHKIMU U3 IPOCTpaHCTBa L, [0,2p]. T — HEKOTOPBIiA onepaTop, sk KOTOPOTro
(I © 4 T) — JUHEWHBIH omeparop, W, B OOLIEM Cilyyae HEOTPAaHHMYCHHBIA U HE MOJIOKUTEIHHO
OnpeICICHHBIN.

3ameruM, uto obbruHas Qopma 7,12 (2) mpoGHOro MHTErpHpoBaHHMs 1O PuMaHy-
JInyBUIUIIO OKa3bIBAE€TCsl HEYJOOHOH B TEOPUHM TPUTOHOMETPUUYECKUX PSIIOB, UMEIOIIUX JETI0 C
nepuognueckuMu QyHKIuAMU. Tak kak ApoOHOE HWHTErpUpOBaHHE HE O0NafaeT CBOWCTBOM
NEepeBOIUTh Nepuoandeckue (yHKIUU B nepuonuueckue. [103roMy, NPUHATO MOJIB30BATHCS
JIIPYTUM  OIIpeeNICHHEM IpOOHOTO WHTETPUPOBAHUS, MpemiokeHHBIM [.Beiinem, cormacHo
xotopomy, oneparop I(?) nejictByer no mpasmy:

X

Uy
1(6)u~ Z Welkx. (3)
k=—x

3nech Uy, — cyTh Kod3ppuureHToB Oypbe Wit GYHKIUH i.

s orrepaTopa (3) cripaBeITUBEI CICAYIONINE JIEMMBI.

Jlemma 1. 109 — mom0xKuUTETBHO ONPEaETCHHBIH OIIEPaTop.

Jloxazamenvcmeo. W3BectHo [8], uto [ ©) OyZeT TIOJIOKHUTEIBHO OIPEICICHHBIM
OTIepaTOPOM, €CITH BBIMIOJIHACTCS YCIOBUE: (I @)y, u) > 0. Kpome Toro, cuctema e** nonua B
npoctpanctse L,[0,2p], To CIpaBezUTHEO:

1(6)u u) — z (1(6)u eth) (u eth) — Z |k|6

k=—
Yro n Tpe6OBaJ'IOCI> J0Ka3aThb.

Jlemma 2. 1) — cummeTpuunBIif onepatop.
Hoxazamenscmeo. PaccMOTpuM cKaisipHOe npomBez[eHHe ISun v ns mobsIX u, v € Ly[0,2p]:

1 (71 (%
(1%u,v) = Efo f u(x —t) Z W ——dt v(x)dx =

Lk (x t)

2p 1 X
= 2p f u(t) z kY dt v(x)dx =

1 (21 (%
=5f f ()Z( k)ﬁdxu(t)dt—(ulﬁv)

Ananoruuno s 12 nveewm: (Ifu, v) = (u, I+v).

Tax kak oneparop @ sensercs cymmoit cummerpuunbix omepatopos IS u 12, To ou
SIBIIIETCS TAK)KE CUMMETPUYHBIM OTIEPATOPOM.
BBenem ckansipHOE MPOM3BECHIE U HOPMY:
1/2
v] = (19w, v),[u] = (1Pu,u) "
CkanspHoe Ipou3BeIcHIE OyIeT UMETh BI/I,I['

4
ikx

[u,v] = (1Pu,v) = f Z ullclflﬁ v(x)dx = Z %

Homomusist D (I (@) 10 BBEJEHHONW HOpPME, MOJYYUM BHEPreTUYECKOE IPOCTPAHCTBO,
0003HaYNM KOTOpOE, coryiacHo [8], uepes H;.

YMHO)as ucxogHoe ypaBHenue (1) Ha mpou3BoibHYIO QyHKIHI0 v € D (I (6)), MOJIyYUM
cleyrolee ypaBHeHHE:

[w,v] + (Tu,v) = (f,v). (@)

YpaeHenue (4) momyckaeT 0000IMIEHHYO TOCTAHOBKY 3a1a4i. OO0OIIEHHBIM PEIICHIEM
ypaBHeHHUs (1) HazoBeMm (yHKIHMIO U € H;, YIOBICTBOPSIONIYIO ypaBHEHWIO (4) mis iroOon
¢byHkuuu v € Hj.
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Meton byonosa-I'anepkuna
CormacHo wMetony byOHoBa-l'anepkuHa, B DHEPreTHYECKOM MPOCTpaHCTBe H;
BEIOMpaeTcs cUCTeMa Oa3MCHBIX (PYHKIHN y Iz j = 1..N. IlpubnmxeHHOe pEIICHUE WIIETCS B

BH/IE TIOJIMHOMA TI0 BRIOPAHHOM crcTeMe 0a3MCHBIX (DYHKITHI B BHJIC:
N

uy = Zajuj. 5)

i=1
HewnssecTHblie KOO)OUIMEHTEI @ ONPENETAIOTCS U3 CUCTEMBI yPABHEHUHA BUJIA:
[uN, uk] + (TuN,uk) = (f, L;k),k =1..N. (6)
YuuteiBas npeacraBieHue (5) U TMHEHHOCTh BBEJACHHOTO U OOBIKHOBCHHOTO CKAJISIPHBIX
MIPOU3BE/ICHU, TIOy4aeM CIICIYIONIYI0 CUCTEMY JTUHEHHBIX areOpandecKuX ypaBHEHUI:

N N
Z a; [u}.,uk] + ) q (Tuj,uk) = (f, L;k),k =1..N. )
i=1 i=1
Teopema 1. Ilyctb 1) ypaBHenue (1) uMeeT €NMHCTBEHHOE PEIICHUE MPU TAHHOM IpaBoid
gactu. 2) ®opma L(u,v) =[u,v]+ (Tu,v) ssusercs H; — onpenenennon u H; —

OTpaHUYEHHOMH, T.€. BBIIIOJHSIIOTCS YCIOBUS:
L(u,u) = 23[u)? L(u,v) < 22[u][v], 29,2, = const
) = <0 1] ) — <1 rerel — "
3) IlocnenoBaTenbHOCTh MOANPOCTPAHCTB Hy — NMHEHHBIX 000JI0UeK (QYHKIUHA Y gl =

1.. N — sBnsercs npeaeabHO TUIOTHOU B H.

Tornma npu m00oM KoHeuHOM N cuctema (6) OIHO3HAYHO pa3pelirMa U NpUOImKEHHOE
pelleHre Uy CXOOUTCS K TOYHOMY pemieHuto u npu N —>X mo meTpuke [] u cnpasemmsa
OIIEHKa MOTPEMIHOCTH:

[u —uy] < ce(u, N),
rone e(u,N) — 3amamHas ¢yHKmMs or N (OlEHKa IIOTPENIHOCTH — ANIPOKCHMAIIHH),
YIOBJIETBOPSIONIAs HEPABEHCTBY:
N
min 1@ u—chuj < e(u,N).
J =

YacTHbli caydai

PaccMoTpum wacTHBIM cimydail ypaBHeHus (1). B kadectBe omepatopa 7 BO3bMEM
CIIEeyIOIINN MHTETPaIbHBIN ONepaTop:

1 (%
(Tw)(x) = 5-[ h(t, x)u(t)dt.

By;[eM CUHUTaTh, YTO OH 06J1az[aeT HCO6XOI[I/IMI>IMI/I CBOICTBaMH.

B kauectBe GasucHbIX (yHKumii BeiGepeM e**, k = —N..N. [IpubnukeHHOe pelleHue

6y;[eM HUCKaTh B BUJC:
N

— ijx
uy = z ae'*.

Torma cmaraemeie B cucteme (7) IpeoOpa3yroTcs B BUE:
N

Z a; [u]-,uk] = %,

=N
N N N

j=— j=—N j=—N
CnenoBatenbHo, cucTema (7) 3amuIneTcs Kak:

ay a
et Z @h_j = fok = 1..N.

j=-N
Yrto OymeT COOTBETCTBOBAThH MATPUUHOMY YPABHEHHUIO:
1

W +hy-y - hj _n v hoy_n \l

1 a-n f -N
i hy,-n “INJ? + hy—n o Ry i = :

1 an fN

\ hN,N e h],N wee W + h—N,N/
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OI_ICHKa MOrpCHIHOCTHU B 3TOM CJIydac MPUMCT BUA!

N
1Oy - Z cje*

j=1

min
C¢j

<e(u,N).
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The generalized Bubnov-Galerkina's method for the equations
with the fractional and integrated operator

Resume

Now studying of the equations with fractional and integrated operators is very actively
carried out. There is a number of theoretical and applied tasks which result in need of the solution
of the equations with operators of fractional integration. Problems of diffusion, electrochemical
processes belong to such tasks. These problems, as a rule, precisely aren't solved therefore very
are particularly acute questions of development and application of approximate methods of the
decision with the subsequent their theoretical justification for these equations.

In work Bubnova-Galerkin's generalized method for finding of the approximate solution of
the fractional and integrated equations is offered. The type of the numerical decision is defined
and estimates of convergence of the approximate decision to the exact decision about metrics of
the power space made by the fractional and integrated operator are received. The constructed
computing method is illustrated on a private example, and the assessment of a method is given.

Keywords: Rimana-Liouville's fractional integrals, Veyl's fractional integrals, operators
of fractional integration.
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