VK 624.04

I'updanos WU.C. — kanauaatT TeXHUICCKUX HAYK, IPodeccop

E-mail: Girfanov(@kgasu.ru

KOmanos B.A. — kaHIUAAT TCXHUYCCKUX HAYK, TOLICHT

E-mail: 2381802(@kgasu.ru

Kazanckuii rocyaapcTBeHHbIH apXHTEKTYPHO-CTPOUTEIbHbI YHHBEPCHTET
Anpec opranuzanmu; 420043, Poccus, r. Kazans, yia. 3enénas, 1. 1

K pewennio 00b1kHOBeHHBIX AN depeHIHANLHBIX YPaABHEHHI,
BKJIOYAKIIHX B ce0sl ayT-(PYHKIUH, IPH pealn3aluy 3a1a4
MOHCKA ONTHMAJIBHbIX KOHCTPYKIHH NPH AeHCTBHH KAK CTATHYECKHX,
TAK H AHHAMHYECKHX HATPY30K

AHHoOTaL U

Lempro paborel  Oblma ACMOHCTpALUS HCHOMB30BaHHWA B  AUGEPCHUHATIBHBIX
VPaBHEHHAX,  OMNMCBHIBAIOIIMX  ONTHUMH3ALHOHHBIC  MPOLECCH MPH  MPOCKTHPOBAHHH
KOHCTPYKIHH ¢ 00ECIICUCHHEM MUHIMYMa 00beMa, MacChl, CTOMMOCTH | TIP., pa3paboTaHHOro
ABTOPAMH MATEMaTHYCCKOTO alapara cueTa — TCOPHH ayT-GYHKIUH, ITHPOKO MPUMEHIEMOT0 B
MPHUKIATHOM ONTHMATIBHOM MPOCKTUPOBAHUH CTPOUTEIBHBIX KOHCTPYKLINH.

Huddepenumansusie ypasHeHus tuna (A.2) ¢ mpaBoll yacTeio B BUAC (A.4) umeror
MHOTOUUCIICHHBIC PUIOKCHUS B MEXAHHKE, THOO OMMCHIBAS PCATBHBIC MPOLICCCHI, TUOO AaBas
MEPBOC NPUOTIIKCHHE, MTO3BOJIIOIICE CYIUTh 00 UX XapakTepe U (H3nIecKon CYTH.

Kirouesbie caosa: anddepennnanereiec ypaBHeHus, ayT-QyHKumy, QyHIaMeHTaTbHAS
cucTeMa.

A) PaccMorpum  OOBIKHOBEHHOC HCOAHOPOAHOS nuHEHHOS auddepeHuaibHoe
YPaBHCHHUE BHA!

P,(x)y ™ (x)+ P (x)y" P (x)+. A+ P, ()Y (x)+ P, (x)y(x) = f(x). (A1)
B obmem cryaae P (x) # 0, mostomy pazaenus obe uactu (A.1) Ha HEro, IPUXOAUM K
YPaBHEHHIO:
YO+ BEYTPE) LY @)+ B (0 )+ B (0)y(x) = g(x),! (A2)
rae g(x)— Hekoropas cymmapHas (pyHKUUS BUAQ:
gx)=¥Y, (x)+¥,(x)+¥,(x)+..+¥.(x). (A.3)
3xecy ‘P, (x)— Henuueitnble win muHEHHbIC ayT-QyHKIMK [2].

Ucnone3ya cootnomenne (1.7.4) § 1.7 [2], BrIpasuM Kakayio ayT-QyHKIHO, BXOIIIIYIO
B (A.3), uepes ec cocrapisromue. CoOupast WICHbI C OJUHAKOBBIMU MHOXKUTCIsIMU D(a;) u
0003Ha"ast HX CYMMY COOTBETCTBEHHO 4epe3 g, (X), @, (x), @, (x), ;(x) u t.1., momyanm:

g2(x)=g,(x)D(0)+ ¢ (x)D(a) + ¢, (x)D(a,) +...+ ¢, ()P, (a)+¢, (x)DP(a,), (A4d)
rae @;(x)— cyrs HenpepriBHbIE QyHKIEM (= 1,...,m).
Taxum oOpazom, BBuAY (A.4) BeipaxkeHue (A.2) MOKET ObITh MPEIACTABICHO B BHJE!
YO+ B0y D)+t By (0 () + P (1) (x) =

(A.5)
= 8o ()@(0)+ ¢, ()P(a) +... + ¢, (x)D(a,,).

IpeacraBum i Hauana, 4To B mpaBoi yacTu (A.5) HAXOAUTCS HE CyMMa BBIPAKCHHM

Z @;(x)®(a;), rae j=1,...,m, a omno npousseaerne @, (x)d(a, ).

! YpasaeHus tuma (A.2) ¢ mpaBoi 4acTeio BHAA (A.4) IMCIOT MHOTOYHCIICHHBIC TMTPHIIOKCHIS B TCXHHUKC
W MEXaHHKE, OO0 OTMCHIBAS PEAbHBIC IPOILECCHL, JHOO AaBas IEPBOC NMPHOMLKCHHE, MO3BOILIOMICE
CYIHTb O XapPAaKTePEe U3Y4YAEMOr0 SIBJICHHUAL.
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Toraa (A.5) nepenuinercs Tax:
~ i ~
Y )+ P )y P x)+ .+ P (x)y(x) = @, (x)P(a,). (A.6)
IMpuuem cornacHo onpeaencHuo moauukaruu (1.2.1) [2], npaBas gacts (A.6) paBHa
HYJIIO TIPU BCeX X <, W paBHa @, (X) IpU BCeX X > . .

3HaunT B HMHTEpBane —o0 <X <q, ypaBHeHHE (A.0) BBIPOXKIACTCI B OJHOPOTHOE
nuHeiiHOe quddepeHIHATBHOE YPABHEHHE #—T0 MOPSIKA:
= 3 —
Y+ P )y P (x)+. 4+ P (x)p(x)=0. (A7)
B wmnTepBane xe a;, <Xx <+o0 ypaBHeHHE (A.6) mpeacTasiseT cOO0K HEOTHOPOTHOE

auHetiHoe qudPepeHINATBPHOS YPABHCHUE #—TO MOPSAKA C HEMPECPHIBHOH MPABOH 4YaCThIO B
paccMaTpUBacMOM HHTEPBATIC:

YO+ B )YV 0+ P (0)y(x) = 9 (%), (A.8)
Kax wm3eectHo (c. 390 [1]), «mwist HaXOkACHHS OOINErO PEIICHUS HEOTHOPOIHOTO
YPaBHEHHUS JOCTATOYHO HAHTH KAKOC-HUOYAb YACTHOC PEIICHUE 3TOr0 YPABHCHUS U MPUOABUTH
K HEMY 00IIee PeIIcHHEe COOTBETCTBYIOMICIO OJHOPOIHOTO YpaBHEHH (5)», T.€.:

y=n+Y.C¥. (A.9)

=1
rae Vi, V,,...V,— (QyHIaMeHTaneHas CHCTEMa PpENICHMH OJHOPOJHOTO YpPaBHEHHMS, a
C,,C,,...,C,— IpOU3BOIBHBIC IOCTOSIHHBIC.

Bwmecre ¢ Tem, COBEPLICHHO OYEBHAHO, YTO «COOTBETCTBYIOIICE OJHOPOAHOC YPABHCHHUES) U
ypaBHEHHE (A.7) NPEACTABISIIOT U3 CE0st OHO U TO K€, TaK KAK U TO, U APYroe moayuacres us (A.8)
MPHPABHUBACM HYITIO IpaBoii yacT. CIeI0BaTenbHO, BTOPOE CIAracMoe MPaBOH YaCTH BRIPAKCHHS
(A.9) ectp obiee perneHue ypaBHeHus (A.7) v rJIaBHAS YaCTh PEIICHUs ypaBHCHHS (A.8).

VYuuTeiBas HM3I0KCHHOEC, 3aMHCHIBACM OOIICC PCIICHHE HCOAHOPOXHOTO JIMHECHHOTO
ypaBaenus (A.6) ¢ npusncucHuem pyuakiui (1.2.1) [2] B caeayromem Buae:

n
y=n®@)+) Cy,- (A.10)
i=1

31eck ¥, — 4acTHOE pemeHne ypapHeHus (A.3):

®(a,)=0, mpu x<a, u (A.10)
®(a,)=1, npu x>a.

Hetpyano suaets, uto B coorserctsui ¢ (A.10), mpu x < a, pemenue (A.6) paBHsIETCS:
y=Y C¥;: (A11)
i=1
npu X > d,

n
Yy=h +Zci37i~ (A.12)
i=1
IMockoneky ypaBueHue (A.4) oraudaercst oT ypaBHeHus (A.6) HATUYKMEM B MIPABOH YacTH
cymMMBbl ciaaraemeix Buaa (A.5), To Ha ocHoBanmu 3ameuanus 1 (ctp. 390 [1]) obwmee perueHue
HCOJHOPOTHOTO JTUHCHHOTO YPABHECHUS 1-T'0 TIOPSAKA 3AIHUIICTCS

y :Zm:yjq)(aj)"‘zn:ciyi;
j=1 i=1

(j=L..,m; i=1..n).

(A.13)

3mecy mepBoe cnaracmoe (A.13) mpeacraBiaser coOOH CYMMY YACTHBIX PEIICHHAN
vpaBHeHHs (A.5) 1O WHTEpBanaM HEMPEPHIBHOCTH, ONPCACTICHHBIM COOTBETCTBYIOLIMMU

O(a ; ), rme j=1,...,m; a BTOpoe craracMoe — O0LIeC PEICHUE OAHOPOAHOrO ypaBHeHus (A.7).
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Ha ocnoBanuu sameuanust 2 (ctp. 391 [1]) npu U3BECTHBIX «#1» YACTHBIX PCIICHUSX
HEOZHOPOTHOTrO ypaBHEHHUA (A.5), MOpPAAOK €ro MOKHO NMOHHM3HUTh HAa «-1» COUHML, €CITH
OTMCUCHHBIC BBIIIE YACTHHIC PCIICHHS THHCHHO HE3aBUCUMBI B HHTEPBAJIC PACCMOTPCHHSL.

b) Ilycte Temepps oOBIKHOBEHHBIC OU(GCPCHIUATBHEIC VPABHEHUS BKIIOYAOT B CEOS
eanHU4HO-npepriBuCcTHIC Popmel Tama 1.2.1 (ctp. 17 [2]).

[peanonoxum, uro koddduumeHTsl ypasueHus (A.2) ]31 (x),.. .,]3” (x¥) u mpasas uwacte
2(X) 3amaHbI U HENPEPBIBHBL B PACCMATPUBACMOM UHTCPBAJIC, IPHUCM:
g(x)=z,®'(x—a)+z,®"(x—a)+..+z, D" V(x—a)+z, ®" (x—a)> (B.1)
Toraa ypasraeHue (A.2) 3aMUIICTCs B CACAYIOICM BHJC:
YO+ By +t Py (1) () + 8, (1) p(x) =
=z, ®'(x—a)+z,®"(x—a)+..+z, ®"V(x—a)+z, & (x-a).

YunThIBas BEIIICH3TOKCHHBIC pe3ynbTatel § 1.3 u § 1.4, a taioke BoiBoaw § 1.8, u3 paGoTs
[2] k pemicnuro ypasHeHust (b.2) MOXHO IPUMEHUTH MOAXO, MPEITOKCHHBIN B padoTe [3].

(B.2)

byaem cumrate, uro dyHIaMEHTanTbHAs CHUCTEMA ), OAHOpOAHOro ypasHeHus (A.7)

M3BECTHA U, HOCKONIBbKY (yHKimu P (X) mpeanonarainch HEMPEPbIBHEIMU, HEIPepbIBHA [4].

Oobmee pemecnue ypaBaeHus (A.7), onuceiBacmoe BoipakeHueM (A.11), yaosaeTBopseT
take ypasuenuro (b.1) ams Bcex x, ormmunbix OT @, T.K. B cuiny §1.3; 1.4 [2] mpu x # a4,
ypaBaenus (b.2) u (A.7) toxnectBeHHbie. QOMHAKO B CHJIy TOTO, YTO HA yYACTKAX OCH X,
pa3aCacHHBIX TOUYKOH X = ¢, moctosiHHbie C; B OOIIEM Cay4ac pa3iddHbl, MOJAracM B
COOTBCTCTBHH C [3]:

C. =C +¥d(x—a), (b.3)
rac a nu \Ijl- — HOBBIC MIOCTOSHHBIC H, CJICAOBATCIBHO, HMCCM !
dC, ,
dxl =¥ O'(x-a). 5.4

Tak kak B mpaBy uacth ypaBueHus (b.2) BXOAUT cymMMa KOHEUHOTO PsiAa MPOU3BOIHBIX
npepriBUCTHIX (hopm Tumna (1.2.1) [2], To MoMHBIH HHTETPAT €rO 3AMUIICTCS B BUIC:

y=Y2 Cy+> X0 (x~a), (B.5)
i=1 i=n
nnu ¢ yaeroMm (b.3):
=Y. Cy+®(x-a)) ¥,3,+ ) X0 (x-a), (B.6)
i=1 i=1 i=n

speck X, (i =n,n+1,...,m)— HCU3BECTHBIC TIOCTOSHHBIC.

[Tpuuem nmepsas cymma (B.6) mpeactaBiser co0OK0 pPEIICHHE OJHOPOTHOTO YPABHCHHS
(A7), ocrampHBIC ABC CYMMBI — YacTHOC pEUICHHE HeogHOpomHoro ypasHeHus (b.2), a
nocrostHabie W, u X; nokHbI ObiTh Takumu, uToObI (B.6) yaosaersopsuio ypaBaenuto (b.2).

3anuuiem Teneps /-1 npoussoauyo GyHkun Y = Y(x):

y = ZCiyfl) + ZXid)(i_”+l)(x—a); 1=0,1,.,n (B.7)
i=1 i=n—I
Baocsa npomnssoansie y(l) B ypaBHenue (B.2) u nMes B Buay, uro nepsas cymma (b.7)

MPEACTABIACT COOOK pemeHne oxHopoxHoro uddepeHunambHoro ypasHeHus (A7),
MOTY9IacM COOTHOUICHHE!

Zn:ﬁl (x) i X 0D (x—a) = f 2,0 (x—a). (B.8)
=0

i=n—I J=0

% O dusnueckom cmbicae (urrepnperamun) (B.1) Moo cyaurs mo 1. B § 1.5 [2].
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YuutsiBast ocobennoctu ¢Gyukiuu (1.2.6) u e¢ npouzBoausix (§ 1.4 . I' [2], u3 (b.8)
nonydaeM cucremy m+1 anrebpandeckux ypasHeHuii ¢ HemssectHeiMu X (7 =0,1,...,m):

n
Y BWX,,=z; i=0...m. (B.9)
1=0
Martpuriia, cOOTBETCTBYIOLIAs onpeacauTeato cucremsr (b.9), umeer TpeyroiapHbId BUA C

AWarOHAIbHBIME dJIeMeHTaMH, paBHbiMu P (X) = 1, nostomy cucrema (B.9) sBisiercst moaHoM

U MMCET OJHO ompeaeiacHHoe perneHue. 3nadenus X, (7 =0,1,...,m)onpenensiores u3 (B.9),
KaK HCNPEPBIBHBIC (DYHKIHH TICPEMECHHOH .
Bumecre ¢ Tem, pacmonaras npou3BoanbiMy GyHkiuu Y = Y(X) u ocHoBbiBasch Ha (Bb.4)
MOKHO OIPEACTUTD CICAYIOIINUEC CYMMBI:
n
dac,
> d—x’ vy =X, , @x-a); (=01..1n-1). (B.10)
i=1

Ho cormacuo (b.4) dc

L =Y. @'(x—a), TOITOMY NEPCIHIIEM (b.10) B caeayromem Bume:

W (x-a)y (¥ =X, @ (x-a). (B.11)
i=1
VYuutsiast BHOBb ocodeHHOCTH (1.2.6) 1 ee mpoussoansix (§ 1.4 n. ' [2], mepenuriuem
(b.11) B BHzE:

n
dDWP@=X, . (=0..n-1). (5.12)
i=1
Omnpenemutens cuctemsl (b.12), aBmssick BpoHCKHAHOM 3THX (YHKIHHA, OTAHYCH OT HYJIA
MPH BCEX 3HAUCHUAX «X», B TOM umncie u npu x=a. CrenosarenpHo, cucrema (b.12) ssiasercs
MOJTHOM M HMeeT ompeAciacHHoe pewmenne. PackpeiBasg u pemas cuctemy (b.12), monyuaem

semmanHbl ‘Y, kak u3BecTHBIC QYHKIHN MEPEMEHHOM d.

Ompenemus ¥, u X, U3 rpaHd<HBIX U HAYAIBHBIX YCIOBHI HAXOIATCS MOCTOSIHHBIC

unrerpuposanust C, .
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About solving common differential equations with Qut-functions in context
of searching optimal structural form of structures during static and dynamic loads

Resume

The article shows usage of Out-functions specifically in differential equations applied to
optimization of structural form of the plain and spatial braced structures for example plane and
spatial trusses, multi span girders, arcs, frames, slabs, casy-sloped shells e.t.c. while Out-functions
usually are used directly in optimization tasks. Differential equations which have been reviewed in
the article are homogeneous and non-homogeneous linear equations with right part of equation
consisted of sum of the linear and nonlinear Out-functions. The out-function is the function that
operates by selecting positive value of variable from two possible variants. The sum of the Out-
function is a consequently compound of different linear and non linear functions. For instance if
compress and tensile brace clement of steel truss have nonlinear and linear dependences,
respectively, between volume, mass or evaluated cost of the brace element and axial force
therefore overall function would be consist of nonlinear and linear segments. The approaches
which are shown in article could be used by researchers for mass and cost optimization purposes.

Keywords: differential equations, Out-functions, fundamental system.
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